This paper proposes a new fast 3D image reconstruction algorithm for Diffuse Optical Tomography using reduced order polynomial mappings from the space of optical tissue parameters into the space of flux measurements at the detector locations. The polynomial mappings are constructed through an iterative estimation process involving structure detection, parameter estimation and cross-validation using data generated by simulating a diffusion approximation of the radiative transfer equation incorporating a priori anatomical and functional information provided by MR scans and prior psychological evidence. Numerical simulation studies demonstrate that reconstructed images are remarkably similar in quality as those obtained using the standard approach, but obtained at a fraction of the time.
Introduction
Diffuse Optical Tomography (DOT) is a noninvasive imaging modality that employs near-infrared light to interrogate optical properties of biological tissue [6] . Compared with alternative imaging modalities, such as functional Magnetic Resonance Imaging (fMRI), DOT has several advantages, including portability, low-cost instrumentation, fast acquisition time with the potential for real-time monitoring, and also disadvantages, particularly relatively low spatial resolution.
One way to improve the quality of the image reconstruction, is to use a priori structural information provided by an alternative imaging modality such as MRI to construct anatomically realistic 3D tissue model which are then used to solve the forward problem i.e. predict the distribution of light at the detector locations [1] .
Another factor preventing routine clinical use is the considerable amount of time and computational resources required to reconstruct a tomographic image of optical tissue properties.
For two-dimensional problems, image reconstruction is achieved relatively fast. However, most real life applications, involve the reconstruction of 3D maps of optical properties. The discretization of the 3D problem using the Finite Element Method (FEM) produces very large matrices which lead to computationally intensive reconstruction algorithms [12] . In general, the more accurate the forward model, the more computationally demanding the reconstruction algorithm. As a consequence, real-time imaging is only possible at the expense of image quality.
In this paper, a novel solution to solve the inverse problem based on a reduced-order forward model is proposed. This approximate model is a nonlinear mapping from the space of optical parameters to the space of measurements, and therefore no matrix inversion is required to solve the forward problem.
The proposed algorithm was evaluated using numerical simulations involving the reconstruction of absorption changes in a realistic rat's head model derived from MRI scans. Compared with the standard threedimensional reconstruction algorithm, the new algorithm provides a speed-up of about 900. Even on a modest single-processor computer, the new algorithm can achieve a reconstruction rate of about 1Hz. In practice, this approach should allow 3D tomographic reconstruction to be performed in real-time using commercially available DOT instruments.
Basic Theory and Algorithms

The Forward Problem
Let Ω⊂IR 3 with boundary δΩ be the medium of interest and let u(r) be the vector of optical parameter functions (for example μ a (r) and μ s (r)) of the medium at position r∈ Ω. The forward problem is defined as follows: given the sources q=[q 1 A model of light propagation through tissue, which is commonly used in applications involving Continuous Wave DOT systems [1] , is the diffusion approximation of the Radiative Transfer Equation (RTE),
where j φ (r) is the spatially varying diffuse photon density at position r given the source q j , µ a is the absorption coefficient, where j r is located at a depth of one scattering length inside the medium, along the direction of the normal vector to the surface at the source location ( )
The boundary condition usually employed is of the Robin type
where the term A accounts for the refractive index boundary mismatch between the interior and exterior mediums.
For any given source q j , the variable measured by the detector located at i ξ ∈ ∂Ω is the outward flux ( ) In practice, detectors are co-located with the source optodes and the measurements are obtained using a timemultiplexed illumination scheme. Specifically, each source is activated sequentially while the remaining s-1 optodes act as detectors.
Image Reconstruction
The inverse problem is to recover the optical medium parameters given the sources q and measurements on the boundary ∂Ω. 
where δu M (t) is the vector of changes in the optical parameters relative to a reference medium at time t, W M is the sensitivity matrix or Jacobian, which relates changes in optical parameters corresponding to each mesh element to changes in the outward flux measured at every detector location given the source j, and ( , ) y j t δ is a vector of normalized differences between two sets of optode readings taken at time t given source j. Specifically, for the i-th optode 
where y i (j,t) is a measurement taken at time t, y 0,i is the time average mean and ˆ( ) i y j is the predicted measurement corresponding to the reference medium. This type of inverse formulation is called Normalized Difference Method (NDM) [7] .
The finite dimensional optimization problem (which has to be solved for every time point separately) is given by
In this paper, the above optimization problem was solved using an iterative Conjugate-Gradient (CG) algorithm [10] . This iterative approach is computationally demanding as it requires solving the diffusion equation and the recalculation of the Jacobian, at every iteration.
A New Tomographic Reconstruction
Algorithm using Reduced-Order Forward Models
Polynomial Approximation of the Forward Model
The approach proposed here to speed up the reconstruction process involves constructing a reduced-order polynomial approximation of the nonlinear mapping (1) using simulated data generated by a conventional finite element approximation of the forward model given in equations (2)-(4). The FEM-based forward model is called the complete model.
The reduced-order model of (1) can be expressed in its component form as
where ˆ( ) i y j is the predicted measurement at the ith optode location computed using the forward model (2)- (4) given the source q j , f i,j is a polynomial approximation, ( )
is the absorption value for the k-th node, n is the total number of nodes and e i,j is the approximation error. Inferring the reduced-order model given an inputoutput data set is a nonparametric regression problem which involves finding both the structure and the parameters of the unknown function f i,j . Model structure detection and parameter estimation for linear-in-theparameters polynomial models has been extensively studied and efficient algorithms are readily available [2].
Model Structure Detection and Parameter Estimation
Expansion of model (8) as a full multivariable polynomial function of a given degree l yields
where {θ k (i,j)} are the coefficients and p k are monomials of degree less than or equal to l. The number of terms L in a polynomial representation grows exponentially with the number of inputs and with the order of the polynomial. In practice however, only a small number of terms are needed to represent the relationship between optical parameters and detector measurements.
Selection of a minimal model subset given the full set of candidate polynomial terms in (9) is known as a model structure detection problem. Once the correct model structure (which is linear in the parameters) is determined, the parameters can be estimated very quickly using leastsquares based algorithms. In this work, model structure detection and parameter estimation was performed using an efficient Orthogonal Forward Regression (OFR) procedure, the details of which can be found in [2].
Model Validation
Model validation is required to ensure that the estimated model can be used to predict correctly detector measurements given any arbitrary combination of optical parameters within the range of interest. The approach employed here to assess the predictive ability of the regressions models is known as cross-validation [3] . Input and output data for each source detector pair comprised of 2K sets of input-output samples. The first K records were used as an estimation data set and the remaining samples as validation data. The goodness of fit for each model component was evaluated using the root mean square error (RMSE)
where y i V denotes measurements not used to estimate the model and ŷ the output of the model.
Model Estimation in the 2D Case
For simplicity, the procedure to estimate the reduced forward model is illustrated using a simple geometry as an example. The extension to the three-dimensional case is straightforward. Consider the circular background region shown in Figure 1a with radius r = 25mm and optical parameters a μ = 0.015 mm -1 and s μ ′ = 1 mm -1 . The medium was discretized using 4278 elements and 2209 nodes. Around the boundary, 6 sources and 18 detectors were located at equispaced intervals resulting in 102 source-detector pairs (no measurement was taken at the same place where a source was delivering light). This mesh was used for the simulation of measurement data.
To solve the inverse problem, a second independent mesh with lower resolution was used as the reconstruction base [11] . This mesh is shown in Figure 1b and consists of 593 elements and 325 nodes. To generate the data needed to estimate and validate the reduced forward model, 1000 normally distributed random absorption values were used to compute detector measurements using the FEM approximation of the forward model in equations (2)-(4). The mean value was chosen as the background absorption coefficient µ a = 0.015 mm -1 . The variance was chosen according to the magnitude of the expected perturbation. The maximum value of absorption coefficient for the inhomogeneity was considered to be constrained to ±10% the value of the background absorption coefficient, thus the variance was selected as σ 2 = 0.0015. The first 500 records were used as estimation data and remaining records as validation data. For each input u(r,t)=µ a (r,t), the forward model was simulated to generate the corresponding measurements.
Assuming a second order polynomial function and 325 inputs, results in a model set of 53301 candidate monomials. However, by applying the OFR algorithm, the reduced models estimated for each source-detector pair are much smaller. For example, the reduced-order model estimated for source 2, (r, ρ) = (25,π/3) and detector 7, (r, ρ) = (25,π/3) has only 40 terms as shown below where the inputs u k = µ a (r k ) are identified by their finite element mesh index. The terms of the model given in (11) are selected using the Error Reduction Ratio (ERR) criterion [2] . The OFR algorithm computes the ERR of each candidate term and uses this to rank the contribution of each term (Figure 2a) . The algorithm stops when ERR is below a certain threshold. In this example, the cut-off value chosen was C d =0.05. This corresponds roughly to the point at which the RMSE error does not improve significantly by adding more terms (Figure 2b ).
To illustrate the efficiency of the algorithm, the Photon Measurement Density Function (PMDF) [1] , which describes the sensitivity of a source-detector pair to changes of the optical parameters inside the medium, is shown in Figure 3a for the source-detector pair 2-7. Analysis of the model (11) shows that all the coordinates of all variables u k selected in the model using the OFR algorithm, correspond to points within the 5% 'bananashaped' area shown Figure 3a . In other words, a tolerance of 5% in the Jacobian corresponds approximately to the C d = 0.05 ERR cut-off value, as shown in Figure 3b . Several other thresholds are displayed as contour lines in Figure  3a ,b.
It is worth noting that Eames [5] found that removing regions from the Jacobian whose contribution to the measurement is approximately less than 5% can be used as an efficient method to reduce the size of the Jacobian matrix W M . These results demonstrate that there is a clear relation between the sensitivity measure provided by the Jacobian and the ERR criterion used by the model selection algorithm. An important consequence of this result is that the information provided by the PMDF function can be used to reduce the initial search space for the OFR algorithm. Effectively, the candidate model set should be constructed based only on the inputs that lie inside the region for which PMDF>1%-5%.
Image Reconstruction Using the Reduced Forward Model
To test the reconstruction algorithm, a circular inclusion with radius R = 3 mm and 13 mm offset the centre was embedded in the medium as shown in Figure 1a . The optical parameters inside the perturbation were varied according to the following quasi-periodic function [7] ( )
The reconstruction problem was to determine the location of the perturbation and quantify it based on simulated detector measurements. The inverse problem was solved for each time point using the CGD algorithm limited to 1000 iterations. For comparison purposes, the inverse problem was solved using both the standard FEM-based approach and the reduced model approach.
The quality of image reconstruction was assessed using the Image Correlation Coefficient (ICC), which measures the spatial accuracy [7] : x denote the intensities of the ith pixel in images A and B respectively and A x , B x denote the mean intensities of the two images. The correlation coefficient has a value of 1 if the images are identical, and 0 if the images are completely uncorrelated. In our case, image A corresponds to the original image and image B corresponds to the image reconstructed using either the FEM-based solver or the reduced model approach.
Image reconstructions using the standard approach and the reduced model are given in Figure 4 , the location of the original inclusion is indicated with the dotted line. The vertical profile of the both reconstructions is displayed in Figure 5 for comparison. It can be noted that both methods resolved the location of the inclusion accurately but the magnitude is not recovered. It is important to mention that as a result of the inverse formulation employed, i.e. NDM, the aim is to recover the dynamic behaviour of the inclusion and not the absolute value.
The quality of the dynamic reconstruction is illustrated in Figure 6 . Figure 6a shows the original and reconstructed time varying absorption coefficient at a point located at the centre of the inclusion. Both methods fail to recover the absolute change; however the dynamic variation is easily distinguished. For each reconstructed image, the correlation coefficient defined by equation (13) was also calculated and this is displayed in Figure 6b . In general, the performance of the FEM-based approach is better than the reduced model by 3.7%, on average.
Image reconstructions were carried out using a MATLAB implementation of the algorithms on a standard PC with a single core 3GHz Intel Pentium microprocessor and 1GB RAM. Image reconstruction based on the FEM-model took ~180 seconds for each time point while for the reduced forward model it took ~40 seconds. In this case, the speedgain is not significant. However, the advantage of using the reduced forward model will be evident in 3D reconstruction. 
FEM Forward Solver Incorporating a priori Structural and Functional Information
It is well known that the use of a priori structural and functional information improves the DOT reconstruction significantly [6] . Structural priors usually refer to the anatomical boundaries between different tissue subdomains while functional priors typically refer to known optical properties of the heterogeneous medium. The simplest way to incorporate such information in the forward model is to use a secondary imaging modality, such as MRI, to identify the boundaries between different tissue types and, assuming that there is a high correlation between the anatomical and optical images, assign typical 
Conclusions
This paper has introduced a new fast reconstruction method for CW diffuse optical tomography, which is based on a reduced-order nonlinear approximation of the forward diffusion model. The reduced model relates changes of optical properties of the medium inside a ROI to changes at detector locations. A methodology for estimating the reduced forward model was introduced and demonstrated using simulated examples of 2D and 3D reconstruction problems. The images reconstructed using the proposed approach, are very similar in quality with those obtained using the standard approach, but obtained at a fraction of the time -a speed up of about 900 was achieved on the 3D reconstruction problem. The new approach offers the possibility to perform high quality 3D tomographic reconstruction in real time using commercially available CW optical tomography instruments such as NIRx [9] .
In this study, tomographic reconstruction was carried out, on purpose, on a rather modest computer to demonstrate the fact that the proposed approach does not require multicore processing to achieve a reconstruction frame rate of several Hz. 
